[

bewee 0

LEY8 NACA TN 2008

ey

NATIONAL ADVISORY COMMITTEE
FOR AERONAUTICS

TECHNICAL NOTE 2006

A THEORETICAL INVESTIGATION OF THE EFFECT ON THE LATERAL
OSCILLATIONS OF AN AIRPLANE OF AN AUTOMATIC CONTROL
SENSITIVE TO YAWING ACCELERATIONS
By Arnold R. Beckhardt

Langley Aeronautical Laboratory
Langley Air Force Base, Va.

~NACA

Washington
January 1950

ARG

TECHNSGAL PiinAn

RrL 2811

4 - -

[

l'.
|

M O

|



TECH LIBRARY KAFB, NM

LT

00b53L5

NATTONAL ADVISORY COMMITTEE FOR AERONAUTICS
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A THEORETICAL INVESTIGATION OF THE EFFECT ON THE LATERAL
OSCILLATIONS OF AN ATRPLANE OF AN AUTOMATIC CONTROL
SENSITIVE TO YAWING ACCELERATIONS

By Arnold R. Beckhardt
SUMMARY

A theoretical investigation was made to determine the effect on the
lateral osclllatlons of an alrplane of an automatic control sensitive to
yawing acceleratlons. The investigation included calculetions of the
effect of time lag in a control of this type on the demping of the
lateral oscillations of a typicel high-speed alrplene and also calcu— .
lations of the effect on the damping of varying the ratio of the rudder
deflection to the yawing acceleration. The inadequacy of the approximate
lag—operator method as a means of treating time lag is also discussed.

The results indicate that a control of this type can successfully
damp the lateral oscillatlons through a reasoneble range of time lag.
The presence of the automatic control introduces a higher—frequency mode
of motion which becomes unsteble with Increasing time leg in addition to
the exlsting lower—frequency Dutch roll mode of motion which becomes
more stable with increasing time lag. Increasing the ratioc of the rudder
deflection to the yawing acceleration lmproved the damping of the lower—
frequency mode slightly bubt, at the same time, reduced rapidly the dampling
of the higher—frequency mode.

INTRODUCTICN

With the increased speed range, altitude range, and density of
current alrplenes, the problems of constent—emplitude lateral oscillations
and of poorly damped lateral osclllations have beccams more acute. The
familiar sneking osclllation is one example of this type of osclllation
which can occur. This type of osclilatlon may be very annoying to the
pilot on a long flight and may also considerably reduce the accuracy of
gunfire or of rockets or bombs released from the alrplane. FEven in the
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lending condition certein high—speed sirplanes have developed poorly
damped Dutch roll oscillations which would be very critical during a
blind landing. In a filghter airplane these oscillatlons usually have
emell amplitudes and short periods. The oscillations are objectionable
even if the period is of the order of magnitude of 5 or 6 seconds such
as might be the case in a heavy bomber airplane, because the osclllations
atill require close pilot attention for control.

In the past, satisfactory demping of the lateral osclllations hes
been Inherently provlded in the alrplane. It may not be possible to
provide enough inherent stabllity in fubture high-speed alrplanes because
of the effect of factors such as Mach number and high alrplene density;
therefore, some type of automatic control may be required in order to
demp these lateral osclillations.

Several types of automatic controls have been used recently. Controls
which are gensitive to displacement or veloclty have been used in con—
ventional automatic pilots, but these controls have two dlsadvantages
vhen used for controlling short—period oscillations. These controls
oppose the forces &pplied by the pilot: in steady maneuvers and, in addltlion,
large values of time lag In the automatic control reduce the effectiveness
of the control in producing the desired demplng.

An investigation of the response of an airplane controlled by an
automatic control which would be sensitive to yawlng accelerations is
considered worthwhile. Such a control would not oppose the forces applied
by the pllot in steady mameuvers and the time lag in such an automatlc—
control system may not be as critical a factor as 1n other types of
controls. A theoretical investigation therefore has been made to determine
the effect of time lag on the stabllity produced by this type of control.
The effect of varying the ratio between the rudder deflection and the
yawing acceleration has also been Iinvestlgated.

SYMBOLS AND COEFFICIENTS

¢ engle of roll, radians

¥ angle of yaw, radians

B angle of sideslip, radians

p mass density of alr, slugs per cublc foot

v alrspeed, feet per second
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dynamic pressure, pounds per square foot (%pve)

wing span, feet

wing area, square feet

welght of airplane, pounds

acceleration due to gravity, feet per second per second
mass of airplane, slugs (W/g)

moment of inertia about the longltudinal principel axis,
Blug—:\‘.'ee'!:.2

moment of lnertia about the vertical principal axis, slug—feet2

product of inertia vith respect to the longitudinal ahd. vertical
principal axes, slug—feet2 ((IZ ~ Ix)ein q cos q)

relative density factor (m/pShb)

angle of attack of principal lopgitudinsl axis of airplane,
positive when principal axis is above flight path at the
noge, degrees

angle of flight path to horizontal, positive in a climb, degrees

rudder deflection, radians

1ift coefficient (W/gS)
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%, =
oy
%, = 3
v
O, = Z“gi'
T time lag, seconds
D differential operator (d/dt)
P period of oscillation, seconds (27/w)
Tl/é time for oscillation to reach half-emplitude, seconds

time for osclllation to reach double amplitude, seconds
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K gearing ratio between the rudder deflectlon and yawing
acceleration, radians per radian per second2 (Sr /Day)

w circuler frequency, radians per second

w, natural undamped clrcular frequency, radlans per second

o! ratio of circular frequency to natural undemped circular frequency
(o/es)

a real part of complex stabllity root

4 ratio of damping coefflcient to critical demping coefficlent

e phase angle between O, and Dexy, degrees

L rolling moment, foot-—pounds

N yawing moment, foot—pounds

N yewing moment produced by deflecting rudder, foot—pounds

Y side force, pounds

AUTOMATIC CONTROL

The function of the automatlic control consldered in thils paper 1s
to demp the short~period lateral oscillation. It is desirable that this
automatic control should not interfere with the normal operation of the
alrplane by the pilot. For an airplene with an irreversible type of
control system, this automatic control could be comnected to the existing
rudder. If the control system were reversible, the automatlic control
could be used to oscillate a part of the existing ruvdder or a small addi—
tional verticael surface. Inasmuch as the osclllaetlons under consideration
are usuelly of emall amplitude, & comparatively small vertical area would
be necessary to provide enough force to damp the osclllations.

An automatic control sensitive to yawlng asccelerations has an

adventage over other types of comitrols for this purpose because 1t does .

not oppose the forces applied by the pilot In steady meneuvers. The
operation of this control can be pictured by considering the case of an
airplane performing a constant—emplitude oscillation in yaw. The yawing
velocity and the yawlng acceleratlon are 90° and 180°, respectively, out

of phase with the yawing displacement. If the rudder motion were controlled
to oppose the yewing acceleratlon and with no time lag, the rudder deflection
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would be in phase with the displacement and hence would not apply a-
damping force. With a finite tlme lag, & component of the rudder
deflection would oppose the yawing veloclity and provide a damping force.

In operatlon, an asutomatic control inherently introduces some tilme
lag between the yawing acceleration in an oscillation and the corresponding
rudder motion. This time lag usually is a function of the frequency of
the osclllation, but, for the lower frequencies, the lag is often approxi—
mately constant and independent of frequency. The assumption of a constant
time lag has therefore been made in this analysis.

METHOD OF ANALYSIS

The effect of time lag in an esutomatic control sensitive to yawing
accelerations on an alrplane equipped with an automatic control which
is free to yaw, to roll, amd to move laterally was first investigated
by the use of the lag operator mentioned in references 1 and 2. This
method of treating time lag implies that the amcunt of rudder deflection
applied at a given instant is proportional to the amount of yawing
acceleration which existed at a fixed time previous to the given instant.

Because use of the exact time—lag operator o™ would result in &
2
T
transcendental equation, the expression 1 — 7D + —E;—, which 1s equal
to the first three terms of the power series that represents e_xD, was
used to represent time lag in these calculatlons.

Results obtained from a step—by-—step analysls of the problem were
found to be in conflict with results obtalned by use of-this approximate
method. The development of a better method for determining the effect
of time lag was therefore considered necessary. The frequency—response
method described ln reference 3 was extended to glve an exact method of
analysis. A more complete analysis of the problem of accounting for
time lag by frequency—response methods is presented in reference k.

The values of the stablility derivatives and mass characteristics
used in the calculations are given in table I. These values are repre—
sentative of a high—speed research or fighter alrplane. A Mach number
of 0.80 at an altitude of-30,000 feet was assumed in the calculations.

Preliminary calculations indicated that for thils alrplane the
frequency responses for one degree of freedom and for three degrees of
freedom were essentially the same. As a further simplification,
therefore, the analysis was restricted to the one—degree—of-freedom
system. Thls simplification is possible because of the low dlhedral
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effect and the small product of inertia of thils configurstion. A com—
plete discussion of the different methods of analysis is presented in
the appendix.

In determining the effect of time lag, values were assigned to all
parameters except 7. For the normal airplane configuratlion, a rudder
deflection of approximetely *1° will provide sufficient force to damp
rapidly an oscillation with a yawing displacement of }19, which corre—
sponds to a value of K of 0.0427 radian per radian per second? For the
typical alrplane used in these calculations. This value of XK was used
in these calculations.

In order to determine the effect of variation in the ratio of the
rudder deflection to the yawlng acceleration, calculations were repesated
for values of K ranging from 0.0l to 0.0427 radian per radian per second. .

RESULTS AND DISCUSSION

The results of the investigation considering an airplane free to
move laterally, to roll, and to yaw compared wlth the case of an alr—
plane free only to yaw are presented in figure 1. This Tigure is &
plot of the damping and period of the lateral oscillation calculated

2
with the lag operator 1 — TD + ng as & function of time lag. For

B
these calculations a fixed gesring constent XK = —I'— of 0.0427 radian
D2y
per radiasn per gecond® was used. These calculations are in good agree—
ment and demonstrate that for the configuration chosen, which has a low
dihedral effect and a small product of inertia, further analysis can be
gimplified by conslderation of the single—degree—of—freedom system.

With no sutomatlc control, this configuration has a time to damp
to half-emplitude of approximately 2.50 seconds and a period of approxi-—
mately 1.30 seconds. With the automatic control in operatlion and no
time lag, the lateral oscillation damps to half—emplltude in approxi-—
mately 3.40 seconds and has a period of about 1.65 seconds. Use of the

T2p2
2
automatic—control system gives results which show that the damping

improves with time lag 1n the range conslidered and that the period of
the lateral oscillation increases slightly with increasing time lag.

approximate lag operator 1 —TD + to represent time lag in the
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The resulte of the exact frequency—response analysis for the case
of an alrplene free only to yaw are presented In figure 2, which is &
plot of the demping end period of the lateral oscillations as a function
of time lag. These calculations were also made for a fixed gearing
constant of 0,0427 radian per radien per second=. The frequency-response
calculations predict instablillity of the system 1f the time lag 1s
increased to large values. The presence of the automatic control
introduces a higher—frequency mode of motion that becomes unstable wlth
increasing time lag superposed on the lower—frequency stable mode. The
approximste method fails to predict this mode of motion. The damping
curve obtained with the aepproximete lag—operator calculations is in good
agreement ' with the demping of the lower—frequency mode of motion as
predicted by the frequency-response analysis. (Compare figs. 1 and 2.)
The perlod of-the lower—frequency mode of motion increases slightly with
increasing values of-time lag. The perilod of the higher—frequency mode
of motior 1s proportional to the amount of time lag.

The most-slgnificant fact that figure 2 demonstrates 1ls that, with
this type of-control, the time lag is not & very critical factor. If
the actusl automatic control has a time lag ranging from about 0.10
to 0.28 second, which is not at all unusual for an automatic—control
installation in an airplane, good demping will result. If the aubtomatlc
control were sensitive to an angular displacement or to an angular
velocity, satisfactory demping might not be obtainable for this same
range of time lag. By msking the control semsitive to yawing acceleratlon,
effectively 90° more phase lag can be tolerated and still produce good
damping with the control.

o)
The effect of varying the geering constant K = —g; is shown in
D

figure 3 as a plot of 1 , which is proportional to the damping, against

T1/2
time lag. The plot is presented in this manner to avoid having the
demping curves approach infinity when the oscillatlon becomes neutrally

gtable.

Mathematically, the phase relationship between the rudder deflection
and the yawing acceleration may be expressed as a lead or a lag. The
negetive values of time lag are shown as long—dash lines on the curves
in order to illustrate that negestive time lag would result in a reduction
in damping of the oscillation. In the actual operation of this automatic
control the rudder deflection can never lead the yawing acceleration
because the rudder cemnot be operated by & yawlng acceleration occurring
at a later time.
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In the time—lag r consldered to give good damping, from
sbout 0.10 second to 0.28 second, increassing K from 0.0l to 0.0%27 radian
per radian per second® increased slightly the damping of the lower—
frequency mode of motion and, at the same time, rapidly decreased the
demping of the higher—frequency mode of motlon.

References 5 and 6 specify that for lateral oscillations with periods
equal to or less then 2 seconds, the demping of the osclllation is con—
sidered satisfactory 1f the time to damp to half-emplitude is equal o
or less than 1.50 seconds. By cross—plotting the results of figure 3 in
the Kr—plane (reference &) the combinatlons of time lag and control
gearings for this configurstion, which satisfy thils criterlon, can be
obtalned. These results are presented in figure 4, which demonstrates
that the criterion can be satlisfied wlth a large range of gearing ratios
in addition to the values of 0.0427 radian per radian per second~ used
in these calculations.

CONCLUDING REMARKS

A theoretical investigetion, which was made to determlne the effect
on the lateral oscillations of an airplane of an autamatic—control system
gsensitive to yawing accelerations, indicated that lateral oscillatioms,
such as snaking or Dutch roll, can be satisfactorlily deamped through the
use of this control. The main advantages of a control of this type are
thet the time lag in the automatic control is not a very critical factor
and the control does mot oppose the forces applied by the pilot in any
gteady maneuvers. .

The. presence of the automatic control introduces a higher—frequency
mode of motion, which becomes unstable with increasing time lag, 1n _
addition to the existing lower—frequency Dutch roll mode of motion, which
becomes more stable with increasing time lag. Increasing the ratio of
the rudder deflection to the yawing acceleration from 0.0l to 0.0427 radian
per radlan per second?® improved the damping of the lower—frequency mode
slightly but, at the same time, reduced rapidly the demping of the higher—
frequency mods. :

The epproximate lag—operator method of analysis was shown to be
inadequate for treating time lag. The frequency—response method is the
most suitable means of handling time lag at present. The results of these
calculations show that an investigation of the possibilities of designing
and using a control of this type to control such lateral osclllatlons
as sneking or Dutch roll would be worthwhile.

Langley Aeronautical Laboratory
National Advisory Committee for Aeronautics
Langley Air Force Base, Va., October 4, 1949
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APPENDIX

METHOD OF ANAIYSIS
Three Degrees of Freedom with Lag Operator
The equations of motion of an alrplane which is free to move
laterally, to roll, and to yaw, as given in reference T, have been
modified to account for & yawing-moment term produced by deflecting the
rudder. These equatlions then become:
Lateral motlion
m(VDB + VDV¥) =Y + mg sin @
Rolling motion
ID?¢ — Iy,D2¥ = L ; (1)
Yawing motion

T,02¥ — IgyD?f = N + N

-’

where the operator D indicates differentiation with respect to time
and N' 1is equal to the yawing moment produced by deflecting the
rudder. The effect on the rolling motion and on the lateral motlon of
deflecting the rudder is neglected.

In order to investigate the effect of lag in the automatic—control

sgystem, the time—lag operator e~ as given In references 1 and 2 could
be used. This method of treating time lag implies that the smount of
rudder deflection applied at a glven instant is proportional to the
yewlng ecceleration which existed at a fixed time previous to the glven
instant. Because use of the time—lag operator directly results in a

2
transcendental equation, the expression 1 — TD + 182-3 which 1s equal

to the first three terms of the power seriles that represents e’”D, was

used to represent time lag in these calculations.

The expression for an automatic control sensitive to yawing accel—
erations with time lag is

2

5, = KDoYe~ ™ % KD2W<1 — 1D + Tia) (2)
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where K equals the gearing ratio between the rudder deflection

occurring at some time <+ and the yawing acceleration which occurred

et the time +t — T.

When the equations of motion (l) are expressed in terms of coef—

ficients and equation (2) and the following substitutions are made:

u=£~€ Y =0
I
L T
‘L=F 'y = &
I
=0 It = 22,
G!p Z  ¢Sb
Gy =0 p X
r Xz g5b

and if small motlions of the alrplane are asssumed, the equations became:

\

(- (-

—Cygf - (:['XZD2 + D0 %)w + (I‘XD2 —DcZP -2%)¢ =0

2
1 2 b 2 T
..CD_BB+ IZD —DCDI-EV-ED (l—TD+ E)CI]_5 ¥

r

- (I'XZD2 + DCpy, E%-)g! =0
Py

L (3)

The determinant of the coefflcients of the three variables is then
set equal to zero and expanded. This equation ylelds the characteristic

equation of the system in the following form:

a6 + D7 + oD% + D3 + D2 4 D + g = O
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where
_ 71 20D gr2
=% ¥ Kfcna
xr
b _}Sf_%lc —--KT—EI'XGYC- ~ Tt 2y
n
2 y2'lp i, 2 B, TV T
=KT2-b—cchc +Kfrﬁb—aczc + KrI'y0y Oy —
n n
2 & ‘Pp Ty v 5, 5.
2
11,1ty 2b KTty Esbcnar + %b{[xxz
2 K'r2
d = It + B0 =L 00y C
1z %g xz01 > LanBr
KT—E'CZCYC + I Ebz'cel +I|ZI'XOY -
iRy, PV B
e, ~KI'50y 0 R T
ve zpn‘é z nﬁr V2 xnr V2 XZ%
r
- _b _ 28boy -
e——# XZCY CZ VIXCnﬁ"'KTCLcl Cn
B r B B,
2
b° b
1!, £C -1, Re, 0, +E 20,0 +
2 a1, Yy T I E Yy T oy
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2
f = (R c, C p% o 1',6;C, =—XC:C, C
(2‘,) GrBzrnI)“‘ ng 1, ¥+ 211, CLZﬁnar'{'
2 2
1 b - BbZ
I XZCLCnB + (W ) CanIPCYB V2 CzBCnP
= —2000,.0, + 22070, C
g F-L'lg"ny, © - L'ng iy

The results of the calculations are presented as the time to damp
to half—emplitude and the period of the oscillation. The values of the
real and Imaginary parts of the complex stabillity roots of the charac—
teristic stability equation ere related to the damping and the period
of the lateral oscillation by the following equations:

~

T/ =_._£:.693_
1/2 Real part

~ 6.28
Imaginary part

L

Without the automatic contrql, the characteristic stability
equation of this three—degree—of-freedom case 1s a fourth-degree equation.
Equation (4) indicates the presence of two additional roots. These
additlonal roots result from the use of the three—term—series expansion

of the gquantlty e_TD to represent the time lag in the system. Calcu—
lations were made to show that the additionsl palr of roots does not

satlsfy the stability equations when the exact operator e~™ 15 used
to represent the time lag.

If the exact time—lag operator, thet 1s, oD is used to represent
the tlme lag of the automatlc—control system, the characteristic lateral—
stability equetion then becomes:

aD* + tD3 4+ D2 + aD + & = O (6)
where
2“'b| 2__3_"'_'| ] 21-1 ""T:D 1
a =20 f - R, + Bl 6y I'z

r
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2 2 2
Kb Kb 2 Wb
b= Rg, Tl 4+ 220 Tley — Gy Ilyp® + 22 I'y —
Zo 12t g0 T CYBXZ 2o X
2
—TD. Bb Kb -
¢, Ke "I'y, + —Cy I'y ———=C, C,. Ke + I'.1!
Orﬁnsr x+ ot zlpnsr Cyal'xl'y,
2
ups b b b 2ub
c = =C; Cp = =0y Cq I'yy — mCy Oy I'., — 22, I'y —
vezvlrnp N Ygl,” XZ g ng” X2 vV ngm X
Do o o1t B pi _bg oo oq _b WS o
gvanYB X7V i 1z zvzchB z e R
b ~1D
a1 Cypln KO
D 5.,
d:ﬁsc ¢y .—(%)Ecyczc + C[Cqy I'y — 010y G, Ko P +
e B ‘r p B B,
2 2
Kb b
c.Cc I'., —220. ¢ +(—)CCCY
LnﬁXZ Valﬁnp &\ nrlp B
6 = 200 C; — 200y C
EVLnﬁZr ngIBn,r

The left-hend side of equetion (6) was evaluated for the case of
a small time lag for which the series approximatlon stlll glves good
results., The s‘bab%lity roots D, obtalned from the expres-—

for T = 0.10 second and K = 0.0427 radian

2 :
per radlan per seconde, were substituted in the equation for e™™>.

If the root is correct, the left—hand side of the equation should.

gilon 1~ 171D +
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equal zero. The results of thls substitubtion are tabulated in the
followlng table: .

D & + D3 4+ D2 + dD + o

-0.0115 (0.02937 X 1070) + (10,7847 x 107°) + (0.003478) +
(=2.09676) + (1.092) = ~0.001288

~3.9085 (467.483) + (497.425) + (LOk.901) + (~376.092) +
1.092) = —0,0410 T

—0.428 % 3.7571 (328.109 + 100.8911) + (75.823 T 375.3241) +
(=366.715 F 82.1871) + (38.211 + 358.3851) +
(1.092) = 0.092 + 1.7651

10.478 + 19,7851 | (—134856.9 F191285.41) + (47079.1 + 4258,11) +
(=7207.1 * 10735.21) + (989.2 * 1840.31) +
(1.092) = —188157.8 ¥ 174451.81

The values obtained for the two negative real roots and for the
conjugete roots with negative real parts approximately satlisfy the

equation for e_TD, but the conjugate roots with positive real parts
do not; therefore these roots are extraneous.

Single Degree of Freedom with Lag Operator
The equation of motion of an airplane and autamatic control free

only to yaw may be written as

I'yD%y — Cr, %-D\k + CD_B\V = KD2¢(1 - 7D + ﬁéf)cns (7
r

Numerical values for the known quentities, teken from table I, are
substituted to simplify the expression. These substitutions yield

| 2
De[o.omeh + 0.163K<l -0 + I ﬂ + 0.00704D + 0.250 = 0 (8)
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which, for fixed values of K and T, can be written as

aD* + D2 + D2 + dD + 6 = O (9)

The values of the real end imaginary perts of-the caomplex stablility
roots of equation (9) are related to the demping and period by
equations (5).

Frequency-Response Celculations

The frequency-response cheracteristics of an alrplane free anly to
yaw may be calculated by an extension of the methods of reference 3.
The equation of motion of the single—degree—of-freedom system (equation (T),
without automatic control) may be simplified by the followlng substitutions:

cnrb—

vhere
€ demping ratio

iy natural circular frequency

C constant
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Equation (7) may then be written in the form

5 D2 + 2tm.D 2
I'= +Q‘%+mn (10)

D2y cp2

or as

5 .
L = £(D)
D2y

Reference 3 presents a method for determining the amplitude ratio
and phase angle at which a hunting oscillaetion exists. The critical
hunting condition exists when the real part of the complex stabllity
root 1s equal to zero. The phase and amplitude of the rudder deflec—
tion O, required to maintain a sinusoidel motion of the airplane is

obtained by substituting io for D in the expression for &,.[D3y.

In order to Investigate the phase and smplitude ratio required to
maintain an oscillatlon of increasing or decreasing amplitude by the
frequency—response asnalysis, the complex frequency a + im can be
substituted for the operator D. (See refersence 8.) This substitution
allows the determination of the values of X and T necessary so thsat
the demping represented by the quantity a exists. If this substitution
is made, equation (10) becomes

and may be written in vector form as

e A+Bi=R/6
D2
where
R = \’AE + B2
and
6 = tan + B
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The terms R &and 6 are then plotted as a function of m/a)n for

different values of a. The results of these calculations, which are
presented in figure 5, show the phase and amplitude of the ratio of
rudder deflection to yawlng acceleration required to meintaln oscillations
with different emounts of positive and negetive damping.

In order to investigate the phase and amplitude of the ratic of
rudder deflection to yawlng acceleration supplied by the auwtomatlc control
in an oscillation with different amounts of time lag and demping, the
operator D = a + ia) is substituted into the awtamatic—control eguation

(equation (2)). Therefore,

S
< = Ke " "®(cos Tw — 1 sin Tw)
Dy

The magnitude of the automatic—control amplitude ratio

EI‘_ = Ke-'ra'
D%y
1s now a function of time lag T and of the damping term a.

In order to determine the damping curves presented in figure 2, the
alrplane frequency-response curves and the automatic—control frequency
response were combined by use of the relationship shown in reference 3
that, 1f at some value of frequency o', the condition existe that

or_ |2
Daxlt Airplane D2¥ | Automatic control

then the .alrpleane will oscillate at that freguency provided thet the
phase angles of the alrplene and automatic control are equal.

These conditions can be satisfied as follows. For a given value
of K and a constant velue of a, values are assigned to T and the

ebsolute values of are computed. A plot

D2y | Automatic control
8
of |- ageingt time lag 1s then made, For the
D2y | Automstic comtrol

pame constant value of &, the values of alrplane amplitude ratio and
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phase angles at different frequencles are noted. The phase angles are
changed to a dimenslonsl time lag by means of the followlng relationship:

... 6 ex o on

=360w’cun=360 w

The phase angle requirement 1s therefore satisfled and a plot

By
of j—— against T 1s made. At values of 7 for
D2¥ | Afrplane
Sy S
which |— = == the critical conditions
D211»r Airplane D=y | Automatic control

are satigfied and one point hes been determined on 'bi’te damping curve.
Thig entire process may be repeated for each value of a, corresponding

to a value of Ty /22 ‘to obtain a plot such as figure 2.
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W, 1b
S, sq £t
b, £t

Ix: S:Lug_.ftg

TABIE I

STABILITY DERTVATIVES AND MASS CHARACTERISTICS

Iy, slug£t> .
Iyg.s slug—ft2

vV, ft/sec .
p, slug/cu £t
IJ, e ¢ o o o

Cr,

Cy_ s por
b
c T
7’1" e
CIB, per
CnP’ per
Cnr’ per
Cnﬁ: per
CYP’ per
Gyr, per
per

%y

Cn

n, deg
7, deg

radisn
radlan
radian
radian

radlan
radlan

redien
radlsn

radian

s Der radisn

- o o @

USED IN CALCULATTIONS

8410
130
28
1981

10519
298

97
0.000889

80.7
0.229
—0.400

0.0800
-0.126

=0,0155

-0.400
0.250

—1.00
—0.163

—2.0
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Figure 1.- The variation of the time to demp to half-amplitude
and the period of the lateral oscillation with time lag
for an automatic control sensitlve to yawing accelerations

£202
”).

as calculated by use of the lag operator (l -TD +
K = 0.0427 radian per radian per second?.
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Figure 2.- The variation of the time to damp to half-amplitude
and the period of the lateral cscillstion with time lag for
en automatic control sensitive to yaswing accelerations as
calculated by the frequency-response angalysis.

K = 0.0427 radian per radian per second®.
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Figure 3.- The variation of the demping of the latersl oscillations
with time lag for different values of K for an automatic
control sensitive to yawing accelerations.
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(a) Amplitude ratio.

Figure 5.- The ratio of rudder deflectlion to yawing acceleration as a
function of frequency required to maintain an oscillation with
different amounts of damping.
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(b) Phase angle.

Figure 5.- Concluded.
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